We derive oscillation criteria for general-type neutral differential equations [
Introduction
In this paper, we study the oscillatory behavior of neutral equations of the form for t ≥ t 0 , where t 0 ≥ 0 is a fixed real number and δ = ±1.
x(t) + α,x(t − τ) + β,x(t + τ)
We assume throughout the paper that the following conditions hold. By a proper solution of (1.1) we mean a real-valued continuous function x(t) which is locally absolutely continuous on [t 0 ,∞) along with its derivatives up to the order n − 1 inclusively, satisfies (1.1) almost everywhere, and sup{|x(s)| : s ≥ t} > 0 for t ∈ [t 0 ,∞). As usual such a solution of (1.1) is called oscillatory if it is neither eventually positive nor eventually negative.
Neutral-type equations of the form (1.1), in many particular cases, appear in mathematical modeling problems such as in networks containing lossless transmission lines and also in some variational problems [1] . Therefore, the oscillatory behavior of solutions of such equations in various special cases has been both theoretical and practical interest over the past few decades, receiving considerable attention of many authors (see and the references therein).
In this article, we aim to establish some oscillation criteria for solutions of (1.1) which generalize and improve certain known results obtained for less general-type neutral differential equations. The main results of this paper are the comparison theorems contained in the next section where we relate the oscillation of solutions of (1.1) to nonexistence of eventually positive solutions of some nonneutral differential inequalities. These comparison theorems can be used to obtain more concrete oscillation criteria for solutions of (1.1). The last section is therefore devoted to such results, where we provide some oscillation criteria which in some sense extend to (1.1) the ones given by Agarwal and Grace in [3] .
We will rely on the following well-known lemma of Kiguradze. 
A real-valued function u which is locally absolutely continuous on [t 0 ,∞) along with its derivatives up to the order n − 1 inclusively is said to be of degree 0 if (−1) i u (i) (t) > 0 for i = 0,1,...,n and of degree n if u (i) (t) > 0 for i = 0,1,...,n.
Comparison theorems
We will make reference to nonexistence of eventually positive solutions of nonneutraltype differential inequalities of the form
where h, k, λ, μ are real numbers with λ > 0 and μ > 0.
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We may begin with the following comparison theorem. Proof. Suppose that there exists an eventually positive solution x(t) of (1.1). Letting
we see that
is eventually nonnegative by (H3), and therefore the derivatives y (i) (t), i = 0,1,...,n − 1, are eventually of fixed sign. It suffices to show that y(t) cannot be of fixed sign. Case 1. Let y(t) < 0 eventually. We easily see that y(t) ≥ βx(t + τ) and hence eventually,
It follows from (2.2), (2.3), and (H3) that eventually,
There are two cases: (i) y (t) < 0 and (ii) y (t) > 0 eventually. If (i) holds, then as y(t) < 0 eventually there exists a positive constant k such that y(t) ≤ −k eventually. Let T ≥ t 0 be sufficiently large. Then we see from (2.4) that
from which by noting that the function Q 1 is positive and periodic (hence bounded), we get y (n−1) (t) → ∞ as t → ∞. Since y (n) (t) ≥ 0 eventually, it follows that y(t) is eventually positive, a contradiction. Suppose that (ii) holds. In view of Lemma 1.1, we see that n must be odd. Setting
Applying Lemma 1.1, we easily see that (−1) i v (i) (t) > 0 eventually for i = 0,1,...,n − 1, which contradicts our assumption (b). Therefore y(t) cannot be eventually negative. 
is a solution of (1.1). Thus, we may write that eventually,
Using the procedure in Case 1, one can see that w(t) cannot be eventually negative. So w(t) is eventually positive. Clearly, y (t) is either eventually positive or eventually negative.
If y (t) > 0 eventually, then from (2.8) we get
Since y is bounded from below, integration of (2.8) from a sufficiently large T to t and letting t → ∞ result in w (n−1) (t) → ∞ and hence w (i) (t) > 0 eventually for each i = 0,1,...,n. Using (2.10), we obtain from (2.9) that
Since (2.11) contradicts (a), y (t) cannot be eventually positive. If y (t) < 0 eventually, then one can similarly obtain
Since n is even in this case, y (t) is eventually increasing. It follows from
that w is eventually negative as well. In fact, by Lemma 1.1, we see that (−1) i w (i) (t) > 0 eventually for i = 0,1,...,n − 1. Now, using (2.12) we get
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The proof is complete.
The proof of the next theorem is similar, and hence we omit it. 
Proof. Suppose that there exists an eventually positive solution x(t) of (1.1). Let y(t) = x(t) + αx(t − τ) + βx(t + τ), w(t) = y(t) + αy(t − τ) + βy(t + τ).
(2.15)
Clearly,
is eventually nonnegative and therefore y (i) (t), i = 0,1,...,n − 1, are eventually of fixed sign. Further, y(t) is eventually positive. There are two possibilities to consider, namely, y (t) > 0 eventually or y (t) < 0 eventually. Case 1. Let y (t) > 0 eventually. In this case, it is easily seen that w (i) (t) > 0 eventually for i = 0,1,...,n. From
we obtain that eventually,
Using this inequality and the fact that w(t) is a solution of (1.1), we have
We easily obtain from (2.19) a contradiction to our assumption (a).
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Case 2. Let y (t) < 0 eventually. Then we have w (t) < 0 eventually. By Lemma 1.1, n is odd and (−1) i w (i) (t) > 0 eventually for i = 0,1,2,...,n − 1. Following the steps in the previous case, we arrive at 20) and hence
Since (2.21) contradicts (b), this case is not possible either. Thus, the proof is complete. Proof. Let x(t) be an eventually positive solution of (1.1). Define
Clearly, y(t) and v(t) are solutions of (1.1). Moreover,
From (2.23) and (H3), we see that y (i) (t), i = 0,1,...,n − 1, are eventually of fixed sign. We will consider the two possibilities y(t) < 0 eventually and y(t) > 0 eventually. Case 1. Let y(t) < 0 eventually. In this case, we have v(t) ≥ y(t) and v (n) (t) ≤ 0 eventually. There are two possibilities: (i) y (t) < 0 or (ii) y (t) > 0 eventually. If (i) holds, then we see that for some k > 0, y(t) ≤ −k eventually. Using this fact in (2.24) and integrating the resulting inequality leads to v (n−1) (t) → −∞ as t → ∞. This together with v (n) (t) ≤ 0 eventually results in v (i) (t) < 0 eventually for i = 0,1,...,n − 1. Further, we see from (2.24) that
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Inequality (2.26) contradicts our assumption (a). Suppose that (ii) holds. In this case, we have (−1) i y (i) (t) < 0 eventually for i = 0,1,..., n − 1 with n odd. Since y(t) is bounded, v(t) is bounded as well and hence (−1) i v (i) (t) > 0 eventually for i = 0,1,...,n − 1. Now using (2.24) we see that eventually,
Since v is a solution of (1.1), we have
Since (2.28) contradicts (b), the possibility y (t) > 0 eventually is ruled out. Thus, Case 1 fails to hold. Case 2. Suppose that y(t) > 0 eventually. Since y(t) is a solution of (1.1), v(t) must be eventually positive as in the previous case. In view of y(t) > v(t) eventually, we see from (2.24) that
If v (t) > 0 eventually, then so are v (i) (t) for i = 0,1,...,n − 1. In case v (t) < 0 eventually, we see that n is even and (−1) i v (i) (t) > 0 eventually for i = 0,1,...,n − 1 which contradicts (c). The proof is complete.
The next three theorems which are analog to above ones are concerned with (1.1) when δ = −1. Since the proofs are very much alike, we omit them. 
Oscillation criteria
The comparison type oscillation criteria derived in Section 2 are based upon the nonexistence of certain eventually positive solutions of (E We will also make use of the notation that N 0 = {0, 1,2,...,n − 1}. has no eventually positive solution of degree n.
